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An approx imate  analyt ical  solution of heat  and m a s s  t r a n s f e r  in a b ina ry  laminar  boundary  
layer  with f ree  convection on a ve r t i ca l  sur face  is presented.  The numer ica l  so tu t ionis  com-  
pared  with an approximate  analyt ical  solution obtained by  another  method. 

An approx imate  analyt ical  solution is given in [1] for  b ina ry  l aminar  free convection obtained by 
Squire ' s  method [2], accord ing  to which the in tegra l  equations of momentum and ene rgy  a r e  in tegrated at 
the same  upper  l imit  equal to the th ickness  of the t h e r m a l  boundary layer  with the introduction into the equa-  
tion of motion of an additional function with the dimension of veloci ty  which is a function of the 13randtl num- 
b e r .  A different  approach is used here :  the equations of momentum and ene rgy  a re  in tegra ted  at  dif ferent  
upper  l imits ,  and the ra t io  of the t h e r m a l  and diffusion boundary layers  a re  a s sumed  to be equal to Le - i /3 .  
In addition, the dis tr ibut ion of veloci t ies ,  t e m p e r a t u r e ,  and concentrat ion a r e  ass igned  in a di f ferent  fo rm 
than in [1]. 

The in tegra l  equations of the b ina ry  boundary  layer  for  l aminar  f ree  convection a r e  wri t ten in the 
following way [1]: 

equation of momentum 

equation of ene rgy  

6 h 

dt t P | ~x u2dy = - -  "~w + (p - -  p | gdy, 

o o 

(1) 

6T ~T 

d u (t - -  t| dy = q~ + pwvwcp (t~ - -  t~) + (cp, - -  cp,) [/~l ~ dy, Cpp| - ~  

o o 

(2) 

equation of diffusion 

d t u (m 1 - -  ml| dy = 11~ -4- PwVw (mlw - -  ml| (3) 

0 

The equations do not take into account  compre s s ib i l i t y  and viscous  dissipat ion,  and the p rope r t i e s  of 
the mix ture  a r e  a s sumed  constant  with the exception of a change of densi ty due to the t e m p e r a t u r e  and den- 
s i ty  in t e r m s  with lift. 

The porous  wall  is cons idered  s e m i p e r m e a b l e :  pe rmeab le  for  the act ive component  (component 1) 
and i m p e r m e a b l e  for  the second component.  

Then the t r a n s v e r s e  veloci ty  v w is  wri t ten 

v w :  b ,  . (4) 
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Fig. 1. Heat t r ans fe r  in the case of injection 
of hydrogen (a), helium (b), and carbon dioxide 
(c) into laminar  boundary layer of a i r  (Tw/Too 
= 1 �9 1; T w =366.4; dashed curve: numerical  
calculation [3] (variable physical properties);  
dots: numerical  calculation [3] (constant physi- 
cal parameters  of mixture); 1) approximate 
solutions [1]; 2) approximate solution of present  
ar t icle) :  for a) H2-a i r ,  SCw/Pr~ =0.35-2.5; b) 
H e - a i r ,  Scw/Pr~  =0.35-2.5; c) CO2-air ,  Scoo 
~/Proo = 1.2-1.89. 

gas) 

The local specific heat flux 

(0T) t' a ~ R M 2 T  
q ~ - ~  ~ + \  a41M~ ,)11" (5) 

The concentration flux of c~176 1 (injected 

j, = - -po [ e~1].  (6) 
ay / 

According to a theoret ical  analysis  [1,4], ther-  
mal diffusion in the case of free convection can be 
neglected in the overwhelming major i ty  of applied 
problems. 

The mass  relative concentration of injected gas 
ml = P l / P m i x  is determined by 

P1R R2P1 
rnl R1Pmix - -  R 1 P m i ~ -  P1 ( 1 - -  R~) ' 

where 

R - ml (R, - -  RO + Rv 

A change of density over the thickness of the 
boundary layer occurring due todifferences  of temper-  
atures  and concentrations: 

P - -  P ~  -- [8~. (t - -  t~) - -  15m (m, - -  ml~ ). (7) 
P= 

The dimensionless concentration coefficient of volume 
expansion has the form 

M2 1 

1 ( 0~))C~. ~41 (8) 
(M2 --1) ml ~ = - 7  ~ .. ,+ 

Equations (1)-(3) with consideration of (6) and (7) have 
the form 

i 6 t _ i'~mdy_ o.  ] , 
dx  

0 0 0 

(9) 

whe re 

6 T 

o .ey  . . . .  ~ toy)  
dx  6 

0 

6rn 

" d x d , f  mudy-  l l - - m ' ~ p D ( ~ y ) ~  ' - m l w  
0 

a.~. a o dy, (lO) 
Oy Oy 

(11) 

T - -  T ~  " m = m ~ - -  ml| 
0 - -  T w - - T =  ' 

The following distributions are used in calculating the integrals in (9)-(11): 

u = a I @ bly  ~- cly  2 @ d ,y  3, 

m = a S + bsy -t- 2 3 c~y @ d2Y , (12) 

T = a a -k bay -F czY ~ + daY a. 
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In fir~ding the ve loc i ty  d i s t r ibu t ion  it  was  taken into accoun t  tha t  when y = 0: 

u = 0, v~ ~y . = [gf3~ (T.  - -  r~) + gp., (m~. - -  rn~)] + v \ O f  ] 

when y-~ ~o 

u 0, a~-u =o.  
Oy 

This  gives  the fol lowing ve loc i ty  d i s t r ibu t ion  ove r  the b o u n d a r y  l aye r  th i ckness :  

u =  ~p 62 Y 1-- ~, - - "  a " ~  
D 4Sc + Peg ~ -  

whe re  

P e ~ -  v~6~.  
D ' 

f o r  in jec t ion  (mlw > mloo) and fo r  T w > Too: 

= g [~t (Tw - -  T . )  + 8m (ml,o - -  m,| ; 

fo r  suct ion (mlw < m 1 ~) and for  T w < Too: 

r = g [p~ ( r .  - r,,,) + p~ (m. ,  - m , . ) ] .  

The concen t r a t i on  d i s t r ibu t ion  has  the f o r m  

m~-- m,. = (~,~ - -  ~1~) 1-- 4V+ P% " ~ - -  4 ~  + P~----~- 

prov ided  that  when y = O 

/T/1 ~ / 7 2 1 .  ) 

when y ~oo 

m I ~ m l , : r  , 
0m~ =0. 
Oy 

Using Eqs .  (4) and (6), we can  wr i t e  the t r a n s v e r s e  ve loc i ty  v w 

and f r o m  (14) 

With cons ide ra t i on  of (16), (17) 

Oral') 
D ~ N , , 0  

V O j ~  ) 
l - -  m l~ 

Oy !,~ 49 + Peg 

P e g =  v ~ 8 ~  (mlw--ml=) @ 
D (t--mxw) (49-+ Peg) 

f r o m  where  a f t e r  e a s y  t r a n s f o r m a t i o n s  we can d e t e r m i n e  

p % = - ~  1 -  1 2 " T  
ml~--17llw 

l -  mlw 
l j, 

(18) 

(14) 

(15) 

( 1 6 )  

(1'7) 

( is)  
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where p =pw/p~o. We see from (18) that Peg does not depend on x if mlw does not depend Oil The follow- X. 

ing boundary conditions are  used for obtaining the t empera tu re  distribution over  the boundary layer  thick- 
ness:  

whe n y = 0 

when y ~ ~o 

T = Tw, Vw \Oy]~, c v \ OylwJ ~Y to 

= a (O'T) § a,vRM'T~o pD { 02nq "~ 
M M,c. oy--r ) ' 

(19) 

T = T . ,  0 T = 0 .  
0y 

Thus the t empera tu re  distribution has the form 

where 

T- -T~  ~ --n" 6t 

A T ~  Y--- 1-- 
• T ~ ,  - -  T .  6 , ,  , ' 

(20) 

6 t [  cp'-cp~ ~ J  n = 4 + L e  ~-~ P% 1§ p(mlw--ml~) , (21) 
cp (4p- # Pe%) P% 

A = a,RM*9 (mlw.  mr| 6Peg Le 
M1g2cp (4p+ Peg) 

Integration of Eqs. (9)- (11) is done with considerat ion of distr ibutions (13), (14), (20), which gives 
6 =CuX I/4, 5t =c tx l /4  ' 5m =CmXl/~ ' where the pa ramet r i c  constants c u, c t, Cm, a re  found f rom theso lu -  
tions of sys tems of algebraic  equations. The algebraic  equations are  f rom the seventh to the fifteenth order ,  
which does not pe rmi t  determining the pa ramet r i c  constants c u, c t, c m analytical ly.  For  an analyt ical  
determinat ion of c u, c t, and c m we will assume that the rat io  8t/5 m = Le-1/3. Substituting the values of 
Jiw into the express ion  of convective (without considerat ion of the rmal  phase t ransformat ions  of chemical  
reactions) heat flux on the wall, we obtain 

q ~ = - - ~  ~ ~o MxM ~ \ Oy / 

The values of (0 T/OY)w and (0ml/~y) w are  determined from distr ibutions (14), (20): 

(OT) 6(T| AT~, 
= , (24) 

St• 8,• 

Om' l = 6ll m~" - mlw" (25) 
-~Y / w 6,~ ' 

where 

l 1 - -  _ 

4 p + Peg 

Substituting (24) and (25) into (23) and replacing 6 m by (6tLel/3), a f te r  easy  t ransformat ions  we obtain 

(26) 

r 6 . I i +  AT~ ] 
~, 6t• 6 (T w - -  T,)  + Dupll (rn!w --  ml.) Le ~/3 •  (27) 

The local m a s s - t r a n s f e r  coefficient  
the total mass  flux of component 1 

(with considerat ion of Stefan flux) is found from the express ion  for 
m 

Wlw = ]1~ + pwv~ml~ = p~z.~ (m,~ -- m~,). (28) 

UsingEqs.  (6), (16), and (25) and substituting them into (28), we obtain 
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%, 611 
- (29) 

D 6~ (l --  mlw ) 

From the solution of the integral  equations of motion of a b inary  laminar  boundary layer  (9), which is gen- 
e ra [  for any relat ionship of boundary layers ,  we find the express ion  for the hydrodynamic,  thermal ,  and 
diffusion boundary layers :  

~ 6  = 3 " 2 x  Gr~/ '(4+R%'~)~/4{@ I "  g~lt(T _ T ~ ) @ (  12 121 H) 

(+ : )1 ;: 1 - - 3 1 1 - -  l~ (4+R%,~)- -  i (30) + z ~  (m~= - ml~) -~- 

t ) 6_.__v_~ _3,2QrLl/4(4_kRe~o~)t/4__~_ ~ g ~ t ( T _ T , o )  1 1 [ H (3t) 
x (~ 2 12 , 

+ g,,~(mx~o _ m~w) l ( _ ~ _ 3 l ~  5 ) ]  }1/4, lq . - - - 8 -  t'2 (4 -]- R%~) --  1 

3.2Gr k~ (4 -]- R%,~) g[3 t (T~ --  T~o) 1 1 1 H 
x rl [ tit (~ 2 12 

~] -~- - -  31, - -  12 (5 + Re~) - -  I I (32) 

Substituting (31) into (27) and (32) into (29), we have: 

,/4 4 1/4 (~ [ AT~ Nu~ = 1.87Grk~ ( + R%~)- - -  1 + kDup/l(tn,~o 
• 6 ( T ~  - -  T~) 

__ml~) Le2/3•  _ T ~  ) ~1 ( 12 121 H) (33) 

(+ }< + glum (ml= - -  maw) 1 - -  311 ~- l~ (4 -+- R%~) - -  1 

o.,,..r,/, (4 @ Rewx),/4 l(q { +  [g~r -- Tw) 1 sh.. = 1 .o/u ~ (1 - -  mm) 

( 1 1 , )  ._~1 (._9_9 @ )] }--1/4. 
• 2 12 +g~'~(m!=--mlw) n \ 8 - - 3 l ~ - -  l~ ( 4 + R % ~ ) - - 1  (34) 

The relat ion between the Sherwood and Nussett  numbers  is determined by the following relat ionship:  

sh_____~ = lx Le- 1/3• . (35) 

Nu~ (1 - - rn~)  I + 6(T~--T=)  + Dupll(rn~--rn1=)Le2/3• 

The express ion  for determining the quantity cr =5/5 t for  different  cases  of the relat ionship of the hydrodyna- 
mic 6, m a s s - t r a n s f e r  5 m, and the rmal  6 t boundary layers  a re  given in Table 1. The average  values of the 
Sherwood and Nusselt  numbers  a re  obtained by multiplying the i r  local values by 4/3.  

In Fig. l a - c  the approximate  solution is compared  with the numer ica l  solution of Gill e t  al.  [3] 
and with the approximate analyt ical  solution f rom [1]. The numer ica l  calculation [3] was made for cases  
when: a) the variat ion of the physical pa r am e te r s  of the mixture was taken into account; b) the pa rame te r s  
of the mixture  were  assumed constant with the exception of a change of density of the mixture as a function 
of t empera tu re  and concentrat ion.  The calculations were made for Tw/Too = 1.1; Too =333~ In [1] the 
Dufour and Soret  effects  were  taken into account; the numer ica l  calculation [3] was made without cons ider-  
ation of these effects .  In the case of injection of hydrogen and helium the present  approximate solution 
gives a c lose r  value to the numer ica l  calculation than the solution in [11; however,  the divergence between 
the two approximate solutions does not exceed 5%. The divergence is explained by the fact that the solution 
in [1] was obtained under the condition of equali ty of the thickness of the dynamic and thermal  boundary 
layer .  In the given solution the rat io 6/6 t =a is a function of the physical  p a r am e te r s  of the components of 
the mixture  and concentrat ion of active component 1 and is found from the appropria te  equations. In the 
case  of injection of CO 2 the resul ts  prac t ica l ly  coincide. The curves  for  CO 2 in Fig. lc  a re  interrupted.  
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This occurs  owing to the fact that the lifting forces  caused by grad ml act  toward opposite s ides (when T w 

/ T ~  > 1). For  

I - -  0.21 < [ ~  (mlw - -  rnl~) + ~t ( r~  - -  V~)l < 0.008 

s y s t e m  of Eqs. (1)-(3) does not have a solution, since unsteady motion and invers ion of the boundary layer  
occur  in the boundary layer .  For  [(fim(mlw - ml~o) +flt(Tw -Too)] < - 0 . 2  it is n e c e s s a r y  to change f rom 
the solution of equations with the lower edge to the solution with the upper  edge of the plate.  Thus,  the 
approx imate  solutions obtained by Squire ' s  method [1] (5 =5 0 and in the p resen t  study (5t/6 m = Le -1/3) 
give p rac t ica l ly  coinciding resu l t s .  In addition, the d i f ferences  in the dis t r ibut ions of velocity,  t e m p e r a -  
ture ,  and concentrat ion adopted in [1] and in the p resen t  a r t i c le  do not have any noticeable effect  on the 

exit  cha r ac t e r i s t i c s  of the boundary  layer .  
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A T I O N S  

the density;  
the veloci ty  in direct ion x; 
the dis tance along sur face ;  
the dis tance perpendicu la r  to sur face ;  
the tangential  s t r e s s ;  
the gravi ta t ional  acce lera t ion;  
the specif ic  heat  of mix tu re ; ,  
the t empe ra tu r e ;  
the heat  flux; 
the veloci ty  in direct ion y; 
the m a s s  flux; 
the m a s s  concentrat ion;  
the d imens ion less  t he rma l  diffusion constant;  
the gas constant  of mixture;  
the mo lecu l a r  weight of mixture ;  
the diffusion coefficient;  
the t e m p e r a t u r e  coeff icient  of expansion; 
the concentrat ion coefficient  of expansion; 
the Pec le t  number;  
the Dufour number;  
the combined Grashof  number;  
the Prandt[  number ;  
the Reynolds number;  
the Schmidt number;  
the Sherwood number;  
the Nussel t  number;  
the t h e r m a l  diffusivity; 
the kinematic  v iscos i ty ,  
the hydrodynamic  boundary layer;  
the concentrat ion boundary  layer;  
the t e m p e r a t u r e  boundary  layer .  

S u b s c r i p t s  

1 r e f e r s  to the injected gas; 
w r e f e r s  to the plate sur face ;  
~o r e f e r s  to an infinite dis tance f rom the plate; 
0 r e f e r s  to an i m p e r m e a b l e  surface;  
x r e f e r s  to the local values .  

1. 
2. 
3. 
4. 
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